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1. Introduction 

Let M be an n-dimensional projective algebraic manifold in certain pro- 
jective space CP^. The hyperplane line bundle of CP^ restricts to an ample 
line bundle L on M, which is called a polarization of M. A Kahler metric 
g is called a polarized metric, if the corresponding Kahler form represents 
the first Chern class ci(L) of L in //^(M, Z). Given any polarized Kahler 
metric g, there is a Hermitian metric h on L whose Ricci form is equal to 
ujg. For each positive integer m > 0, the Hermitian metric induces the 
Hermitian metric hj^ on L™. 

With respect to these metrics, the Bergman kernel is defined as a sequence 
of Hom{E, ii^)-valued functions. These functions play one of the central roles 
in Kahler-Einstein geometry. In [16], Tian proved an C^-convergence theo- 
rem of the Bergman kernel, from which he proved that the Bergman metrics 
are convergent to the original Kahler metric. A far-reaching generalization 
of Tian's theorem was obtained by Catlin 0j and Zelditch |17j : 

Theorem 1.1 (Catlin, Zelditch). Let M be a compact complex manifold of 
dimension n (over C) and let (L, h) ^ M be a positive Hermitian holomor- 
phic line bundle and {E, He) a Hermitian vector bundle of rank r. Let g be 
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the Kdhler metric on M corresponding to the Kdhler form ujg = Ric{hi). 
Let H^{M, L^'i^E) be the space of all holomorphic global sections of L"^i^E. 
Let X be a point of M . Let g be the Kdhler metric on M corresponding to the 
Kdhler form ojg = Ric{h). For each m €N, h induces a Hermitian metric 
km on L"*. Then there is an asymptotic expansion: 

^ ~ ao(a;)m" + ai(x)m"^i + a2(a;)m"-2 + . . . (i.i) 

for certain smooth coefficients aj{x) G Hom{E,E) with = /. More 
precisely, for any k 

N 

-^aj(x)m"^*^||cM < CN,f.m''^^~\ (1.2) 

k=0 

where C^.^i depends on N,fi and the manifold M and the bundles L,E. 

In jllj . Lu proved that each coefficient aj{x) is a polynomial of the cur- 
vature and its covariant derivatives. In particular, 01(3;) = ^p{x) is half 
of the scalar curvature of the Kahler manifold. All polynomials aj{x) can 
be represented by a polynomial of the curvature and its derivatives. More- 
over, Lu and Tian [121 Theorem 3.1] proved that the leading term of aj is 
CA^~^p, where p is the scalar curvature and C = C{j,n) is a constant. 
In the symplectic case, the recurrence relations among the coefficients were 
obtained by [5], [13] (See also the book [H]). 

Donaldson [7] was the first one using the expansion of the Bergman kernel 
to the stability of manifolds. Because of the great influence of Donaldson's 
work, now there are several different proofs of the Tian-Yau-Zelditch ex- 
pansion. In [1], Berman, Berndtsson and Sjostrand gave a direct approach, 
avoiding using the paramatrix of Bergman kernel. In [5], Dai, Liu and Ma 
gave a heat kernel approach of the expansion. Both of the papers provide 
the algorithms for the computation of the general coefficients. From his 
recent work [8] , Donaldson showed the importance of a local version of the 
expansion. That is, the expansion exists on a neighborhood of the manifold 
with bounded geometry. 

In the 2009 Conference in Complex Geometry in the Northwestern Uni- 
versity, Donaldson asked whether one can give a purely complex geometric 
proof of the Tian-Yau-Zelditch expansion. We think that this is a very 
important question because 

(1) We want to give an explicit algorithm of the coefficients and an 
effective error estimates. Here by effectiveness we mean to use ex- 
plicit geometric quantity to bound the constant Cn^^ in Theorem 1 1.1^ 
which is important in Kahler-Einstein geometry. 

(2) When the metrics are real analytic (as in the case of cscK metric), 
we may be able to sharpen the estimates in (jl.2p . 

(3) We are interested in the orbifold case, and would like to unify the 
treatment of manifold and orbifold cases. 
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The purpose of this paper is to give a new proof of the Tian-Yau-Zelditch 
expansion, using the complex geometric method. We show that in addition 
to the existence result, our method provide more information of the geometry 
of the expansion. 

To state our result, we need to use the concepts of A'-coordinates and 
A-frames, which are discussed in details in the appendix. Let xq be a fixed 
point of M and let (zi, • • • , Zn) be a A-coordinate system at xq or order p. 
Let a, {hfj) be the local representations of the Hermitian metrics of L and 
E, respectively, under the AT-frames. 

The proof of the theorem, in the case /i = 0, is a refinement and simplifi- 
cation of the paper 

Theorem 1.2. Let Si, • • • ,Sk be peak sections k = [slogin]. Let 53^^^^ be 
the Bergman kernel with respect to the peak sections Si, - ■ ■ , 5^. Then 

(1) ^peak asymptotic expansion; 

(2) The expansion stables to the TYZ expansion: 

The second main result of this paper focuses on compact complex man- 
ifolds with analytic Kahler metrics. It is well-known that the Tian-Yau- 
Zelditch expansion does not converge in general. Even if it is convergent, it 
may not converge to the Bergman kernel. We prove that in the case when 
the metric is analytic, the optimal result may achieve: The asymptotic ex- 
pansion is convergent and the limit approaching the Bergman kernel faster 
than any other polynomials. 

Theorem 1.3. With the notations as in the above theorem, suppose that 
the Hermitian metrics hi and hE are real analytic at a fixed point x. Then 
the expansion 

oo 

i=o 

is convergent for m large. Moreover, the expansion is convergent in the 
sense 

oo 

To some extend, other then using the d-L^ estimate, our method is el- 
ementary. As one of the by-pass result, we studied the variation of A- 
coordinates extensively in the appendix. We hope that the method is useful 
in other cases. 

Acknowledgement. The second author thanks Xiaonan Ma for his care- 
ful explanation of his work to him. He also thanks Kengo Hirachi for his 
interest in our work and the discussions on the topic for many years. Part 
of the results of this paper was announced in ArXiv 0909.4591. 
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2. Setting of the problem 

Let [E^He) be a Hermitian vector bundle of rank r with a Hermitian 
metric He- Consider the space r(M, ®E) of ah holomorphic sections for 
large m. For U,V ^ r{M,E), the pointwise and the inner products are 
defined as 

and 

{U,V)= [ {U{x),V{x))h^dVg, (2.3) 

respectively, where dVg = is the volume form of g. 

Assume that Ti, • • • , is an orthonormal basis of H^{M, E). Let ei, • • • ,er 
be a local frame. Let 

T 

i=i 

for 1 < a < d. Then local functions. The Bergman kernel, which is 

the matrix-valued function = (*Bjj(x, y)), is defined by 



^ij{x,y) = y^^h-^{y)aak{y)aaj{x). 

The orthogonal projection, L^(J7) — t- H'^{Q,), is given by 

(ai,--- ,ar)^ \ / y'ai(y)!Bii(x,y)iiyj/,--- , / ai(2/)!Bir(x, y)^^^ . 

In this paper, we study *B(x) = 53(3;, x), which we also call it the Bergman 
kernel. 

Let A = (a^j) and let H = (hfj) be the Hermitian metric matrix with 
respect to the local frame ei, • • • ,er. Then in matrix notations, we have 

5S(x) = B{x,x) = HA* A, 

where A* is the complex conjugate of the matrix A. 

The above matrix- valued function 55 (x) is independent to the choice of 
orthonormal basis. In fact, it is also possible to express it using arbitrary 
basis of H^{M, E). 

Let Si, - ■ ■ , 5^ be any basis of H^{M, E). Let 

F={F,,) = {S,,S^). (2.4) 

Let P be the matrix such that PEP* = I. If we write 

d 

Si = bijCj, 

then the Bergman kernel can be represented by 

«B = H{PB)*PB = HB*F-^B, 
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where B = (bij) is a d x r matrix. 

Let L be an ample line bundle over M, E is a vector bundle over M, and 
m is a large positive integer. We denote ^rn{x) to be the Bergman kernel 
of the vector bundle (8) E. 

Definition 2.1. We say a sequence of functions fmi^) has a asymptotic 
expansion, if there exist matrix-valued functions ao{x), - ■ ■ ,as{x),--- such 
that for any s, n, 

C 



, , \ r, I , \ ciiix) asix) 
/^(x) - m" 00(2;) + + • • • + ' 



m m' 



< 



where C is a constant independent to m. 

We say a sequence of functions fm{x) has a asymptotic expansion at 
the point xq, if there exist matrix-valued functions ao(a;), • • • , as{x), ■ ■ ■ in a 
neighborhood of xq such that for any s, fx, s + fi < p, where p is the order 
of the K -coordinates, we have 



D^{fUx)-m-{ao{x) + ^ + ... + ^"^^ 



m m" 



ixo)<^, (2.5) 



where C is a constant independent to m and xq. In particular, we say 
fm{x) has a asymptotic expansion at the point xq, if there exists matrices 
ao, • • • , Os, • • • such that 

fm{x) - m" (ao + ^ + • • • + ^) (xo) < (2.6) 
where C is indepedent to m. 



If a sequence of functions has a asymptotic expansion, then it has the 
asymptotic expansion at any point xq. 

Lemma 2.1. A sequence of functions fm has a asymptotic expansion 
if and only if for every ^ > and at each point xq G M , has a 
asymptotic expansion at xq. 

Proof. The lemma follows from Corollarv lA.ll 

□ 

Let P = (pi, • • • ,Pn) be a multiple index and let I < j < r. Define the 
lexicographical order on the set of (P, j)'s. That is, {P,j) < {Q,k) if 

(1) EPi < or 

(2) pi = qi, • " ,Pi = Qi but p£+i < qi-^-l for some 0<£<n — 1, or 

(3) j < k. 

Such an order gives rise to the function P = P{j). For example, -P(l) = 
((0, • • • , 0), 1), P{2r + 2) = ((0, 1, • • • , 0), 2), etc. 

Definition 2.2. LetSi,--- ,Sk,Sk+i,--- , Sd be a basis of H^{M, L"" E). 
We say that it is a regular basis at xq of order fi, if k > fi, and under the 
local K -coordinates at xq 

(1) for l<j<k, Sjiz) = z^^j) + o{\z\f'); 
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(2) forj>k, Sj{z)=oi\zn. 

Moreover, the {i,j)-th entry of F^^ has an asymptotic expansion at xq of 
order 0. 

Lemma 2.2. // a regular basis exists, then the Catlin-Zelditch's result is 
valid. 

Proof. The Taylor expansion for the smooth vector-valued function H 
gives the asymptotic expansion. Thus in order to prove the result, we only 
need to prove the existence of the expansion of B*F~^B. It is not hard 
to see that if 

d\p\+\Q\^ 

has the asymptotic expansion at xq for all + |Q| < /i. □ 

3. Peak sections 

In order to prove the main theorems of this paper, we need a suitable 
choice of the basis {5*1, • • • , Sd\- We use Tian's peak section method intro- 
duced in [16] (see also pT|). 

We cite the following result, which is well known. For the line bundle 
version of the result, see [6], or [16]. We omit the proof. 

Proposition 3.1. Suppose that {M,g) is an n-dimensional compact Kdhler 
manifold, (L, Hl) is a Hermitian line bundle over M , and {E, He) is a Her- 
mitian vector bundle over M. We assume that Ric(/iL) = ujg defines the 
Kdhler metric of M. Let Qe be the curvature of E with respect to hE and 
Ie be the identity map of E. Let ^ be a function on M which can be ap- 
proximated by a decreasing sequence of smooth function Assume 
that the endomorphisms 

— 2tt 

@e = Qe + Ie'» dd^i + -^j=^Ie ® {Ric{h) + Ric{g)) 

on /\°'^iM, L<S)E) satisfy 

{<de{(p),f)g'-lg,hL(^hE > C\\(f\\l*^h^^hj^ (3.1) 

for if G /\'^'\M, L®E), where C > is a constant independent of£. Then 
for any w € A'^'^(M, L E) with dw = and 

M 

there exists u G r(M, L ® E) such that du = w and 

I MIl^e^''^ "^^9 I \Ml*mLmE^~^'^^9- (3-2) 



□ 
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Remark 3.1. The choice of u is, of course, not unique. In order to construct 
the peak sections, we need to fix the solution of du = w. Let A be the 
Laplacian on bundle A^'^{L E) with respect to the corresponding metrics 
and the weight function ^. By ()3.ip and the Weitzenbock formula, the 
smallest eigenvalue Ai of A satisfies Ai > C. It follows that the Green's 
operator G of A exists and is a bounded operator. 
We define 

u = d Gw. 

Then we have 

du = dd Gw = G{dd + d d)w = w, 

because w is 5-closed and because dd* commutes with G. Moreover, we 
have 

M Jm 

'M Jm 
The section u defined here satisfies ()3.2p . For the rest of the paper, we will 
fix this unique solution u. 

Throughout of the rest of this section, we use G to denote a positive 
constant, which may be different line by line, depending only on n, r, the 
injectivity radius 6 of M, and the three numbers p',Ki,K2 defined below. 

Suppose that the local coordinate (zi, • • • , z„) is defined on an open neigh- 
borhood U of xq in M. Define the function \z\ by 



1^1 = H h {znl"^ 

for z £ U. 

Let be the set of n-tuple of integers (pi, • • • ,Pn) such that Pi > for 
(i = 1, • • • ,n). Let P = (pi, • • • ,Pn)- Define 

z^ = zf •••z^" (3.3) 

and 

p = Pl-\ \-pn. 

The following lemma is a revised version of Tian's Lemma [16^ Lemma 
1.2]. 

Lemma 3.1. Suppose that there are constants Ki,K2 > such that Ki is 
the upper bound of the curvature operator of g, and K2 is the upper bound 
of the curvature operator of hs- In particular, we have 

where Qe = i®E)kla'p^*k dza A ctzj3 is the curvature tensor of E; ip € 

A^'^{E). For P = (pi, • • • ,pn) € and an integer p' > p = pi + • • • + Pn, 
let 

P < e(logm)^ (3.4) 
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where e > depends on n,r, Ki, K2 and 5. Let x be a fixed point and let 
U be a coordinate neighborhood of x. Then there is a holomorphic global 
section Spj ^ of H^{M, L™ (g) E) satisfying 



M 



P,j,m\\h^®hE^^9 



dV„-l 



(3.5) 



Moreover, ■ ^ can be decomposed as 



Up 



for S'p, e C°°(L"^«)S). Sp. j^m is defined as a smooth section whose 

support is contained in U . Let (zi, • • • , Zn) be the K -coordinates centered at 
X and let eL,{ej} be the K-frames. Let rj be a smoothly cut-off function 



vit) 



1 fort<^, 
fort> 1. 



satisfying < —rj'{t) < 4 and \rj"{t)\ < 8. Then we can write Spj^m as 

Sp,j,miz) = XpjT] 



(log m) 



m\Z\ \ r> rr^ 

-\ z^ei:(E)ej, 



where 



A 



J\z\<- 



\zP\^a'^h^jdVg. 



^P,j,m is defined as in Remark \3.1\ so that 

npj,™(z) = 0(|z|2p') ifz£U, 



and 



M 



2 e~3(^°^™)^ 

WP,j,m\\h^(i^hEd^9 ^ _^|p| 



(3.6) 
(3.7) 

(3.8) 
(3.9) 



Definition 3.1. The sections {'S'pj^} are called peak sections. 
Proof. Define the weight function 



^(z) = (n + 2p)ri 



m\z\ 



(log m)2 

A straightforward computation gives 



log 



m\z\ 



(log m) 



-J, 100m(n + 2p') 

-Wd"^ > "2 U)g 

(logm)^ 



for m satisfying (|3.4p . Let 

e = eE + iE'^dd^ + 



2tt 



Ie® {Ric{h) +Ric{g)). 



(3.10) 



(3.11) 
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By using (I3.10p . we can verify that 

, , , . , 100m(n + 2p') ,,0 

(e(v?),99) > {-K2 TTTT— T2 +"^--^l)IIV'llg*®h™hB 

Uogmj ^3_^2) 

^1 II l|2 

for If G A0'1(M, L"'(g)E). For P G let «;f G A0'1(M, L"^ (g) £;) such that 



2 



Since StwJ" = and 



M 

Using Proposition l3 ■ 1 1 and Remark l3.H we choose uf = d*Gwf G T{M, L"^® 
E) . It satisfies du^ = and 

W^\\lT<2>hE^~'^^^9 ^ ^ / Ikf < (3.14) 

I M '''' J M 

where G is the Green's operator of the Laplacian on A'^'^(L™ (g) E) with 



respect to the metrics and the weight function ^. Let upj^m = ^P,jU^ ■ Due 
to 



/ 

J M 



|C^Pj,m|pe *(iV/i < +00, 



we must have upj^mix) = 0{\z\'^'p'). This proves (|3.8p . In order to ver- 
ify (|3.9p , we need to estimate the right hand side of p.l4p . By the definition 
of function i], we have 

4 y II P||2 — *^T/ 



< c"°^"",r''" / 



Since e_L is a ii'- frame, we have 



l2£S<|2|<i££Zi 



a = e^°g'^ = e-I^P+0(kl*) 



on [/. Thus we have 



I P||2 -^f ^ ^ / II P||2 -I' JT/ 



A/ ^ Jm 



nogm)2(l^'hi+") 1,, -2 



(3.15) 
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On the other hand, from Lemma 13.21 below, we have 

> c- 



and therefore 



n+\P\ 

Xpj < Cm-^. (3.16) 



Putting (j3.16p and (j3.15p together, we obtain 



M ^ 

This proves ()3.9p . Finahy, using the same method as above, we have 

o aoem)2(l^'l-i) , 

\'jP,j,m\\h'^®hE"'^ a ~ ^ 
M ^ 



' nnn | J | I 1 n cr in , i i , 1 n cr •m 



m 



l£g2.<|2|<i£pi 



'9- 



By using the same method as before, we get ()3.5p . 

□ 

Lemma 3.2. Let 

logm^ ^ 

n 

-Lei 1 > ei > 0. T/ien there is an 62 > 0, depending only on ei and n, such 
that for \P\ < sia, we have 



n+\P\ 



1 - e-^2(iogm)2) ^ j |^^|2e-H^Prfy(, < — (3.17) 

Proof. In here and in what follows, we will quote the following elementary 
identity: 

/ |.n^|zP^e--l^lWo= /'f^'+"-y^i;f;; , (3.18) 
ic" ' ' ' ' (|P| + n- l)!m"+l^l+9 ^ ' 

where g > and P is a multi-index. 

Using the above identity, (j3.17p follows from 

I \zP\^e-^\'\'dVo < — ^e-^^('°s™)'. 

Rescaling z to ^Jmz^ inequality ()3.17p becomes 



/ 



|z|>logm 

We observe that 

n 



^kl>logm ■^7|^,|>l2£!ri 
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A straightforward computation gives 



/ \zP\^e-\'\^dVQ<P\^—l rP^e-^dr 

J\z\>logm Pi- Ja 

1 I q 

< n Ple-^ 7[ - ^-P'^-^Cg + 1)^, 
£=0 ' ^' 

where q = \£ia\ is the integer part of eio. 

Using the Stirhng formula q\ > q'^/e'^, we have 



/ \z' re '"' dVo ^ n{q + i] J-'\e"- '° 1 i 

^ |z|>log m 



Since log x — x + 1 is a decreasing function for x > 1 , we have 



Thus 



log - - - + 1 < log — - — + 1 < 0. 

q q £1 ei 

[ Iz^pe-l^l'ffVo < n{q + l)P!e"^^"'"'°*^ 

^ UI>loB m 



' \z\>logm 

and the lemma follows from the above inequality. 



□ 



4. On a lemma of Ruan 
We quote Ruan's Lemma |15t Lemma 3.2] as follows: 

Lemma 4.1 (Ruan). Let Sp = Sp^m be a section constructed in Lemma WA 
Define 



3 

for S G H^{M,L"'). Let T be another section of L™. Near xq, T = 
fe"^ for a holomorphic function f. When we say T 's Taylor expansion 
at Xq, we mean the Taylor expansion of f at xq under the coordinate system 

(21,- •• ,Zn)- 

(1) If is not in T's Taylor expansion at 0, then 

{Sp,T) = o(-\ \\T\\. 
\m J 

(2) If T contains terms z*^ for \Q\ > |P| + cj in the Taylor expansion, 
then 

{Sp,T) = o(-^) \\T\\. 

In this section, we give the precise bound in the above Ruan's lemma. 
We say that a smooth function / on [/ C C" is regular, if in its Taylor 
expansion, there are no z^'z^^'z^ Zj terms. We begin with the following 
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Lemma 4.2. Let f be a holomorphic function on U C C", let a > be a 
positive smooth function and a complex smooth function on U such that 
^(0) = 1. Assume that both a and ^ are regular functions. Define 



|2|<i2£^ 



Assume that \P\ < eo(log'^)^ for some e > 0. 

(1) If is not in f 's Taylor expansion at 0, then 

C\fP'\ 



i 



z^'fa^^dVo 



|2|<^ 



< 



1 I 

m 2 



(2) // / only contains terms for \Q\ > |P| + o" and a > in the 
Taylor expansion, then 



z^'fa^'CdVo 



|2|<i2£^ 



< 



(log m) 



m 



(4.1) 



for m > m{a), where m{a) is a constant depending on a and the 
functions a, ^. 
(3) Moreover, if the metrics are analytic, then we have 



f 

J\z\ 



z^fa^^^dVo 



a ( (log?Tl)l 



10 \ 1 + - 



m 



'|2|<i2pi 

for m large enough (but indepedent to a). 



(4.2) 



Proof. We shall omit the proof of (1), since it is similar to that of (2). 
Let log a + |zp = Since a is a regular function, C = 0(|2;|^). It follows 
that 

\^(\ < (4-3) 



m 



for 1^1 < and m is sufficiently large. As a result, the functions a'" and 
g-m|z|2 g^^g mutually bounded by a constant independent to m. In particular, 



\z\<^-2&^ 



\f\2e-mM^dVo 



for some constant C > 0. We shall use this fact below repeatedly without 
further notice. 

Let C = Ci + C2 such that ^1 is the Taylor's polynomial of ( of order 
2cj + 1, and let ^ = ^1 + ^2 such that ^1 is the Taylor's polynomial of ( of 
order 2(7 + 1. Then for m large enough, we have 



2(7+1 ^ 



fc=0 



< 



1 



14-- 

m ^2 



(4.4) 
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for |z| < Therefore using the Cauchy inequahty, we get 



J \. \ ^ losm ^— ' Ic. I 



71+l-Pl+CT 



fe=o 
.2\ 1 



(4.5) 



by (f3l^ and the fact that \P\ < eo{logmf. 
Note that CiCi 

is a polynomial in z and z. Let 



ij 



The coefficients 



IC 



1 



JJ\ 



I\J\ 



nji 



d\i\+\j\((^k^ 



dz^dz-^ 



(0) 



(4.6) 



< C{a) (4.7) 



for C(<t) > and for m large enough. 

If |/| — I J| < <T, then by the assumption on / and by symmetry, 



/ z^fe-"'^'^'m''Cijz^z-^dVo = 0. 

' '— y/rn. 



(4.8) 



On the other hand, under the ii'-coordinates and A'- frames, in the expansion 
of C, there is no z^ or z^^ terms. Thus in (14. 6p . we must have | J| > 2A;. If 
1-^1 — |«^| ^ <7, since \J\ > 2, we have 



hence 



|/| + \J\-2k>2 + a, 



< C{a)\z 



2fe+2+o- 



J2 c/j^^^" 

|/| + |J|-2fc>2+o- 

Using (j4.7p . (j4.8p . (|3.18p and the above estimate, we have 



(4.9) 



< m 



yP\2 



< C{a){logmy 



1 / (log m) 



10 



|/| + |J|-2fc>2+(T 

^ I n+\P\+a 



z^z-^ 



m 



14 
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Combining the above inequality and ()4.4p . (I4.5p . we proved that 



log m 



< C{a){logmy 



1 / (log m) 



-I , n+|P|+o- 

10 \ 1+ — V — 



m 



(4.10) 

Since m is sufficiently large, the above inequality implies (14. ip . 

The proof of (3) is similar. We notice that in the analytic case, (14. 4p 
becomes 



fe=0 



771 ' 2 



for some constant C > and (14.51) becomes 



(logm)^^ 2 



1^1 



k=0 

n+|P|+g- 



771 



for a possibly larger constant C. 

In the analytic case, there is a 5 > such that 

16.1 < (5)^^1+1^1. 

Therefore, we have 

|/|+| J|-2A,->2+o- 

for some constant C. (3) follows from the above analytic version of (|4.4p . (j4.5p . 
and (j4.9p . This completes the proof of the lemma. 

□ 

By taking ^ = det d^^h^--^, we proved the following 
Theorem 4.1. Let Sp he the peak section and let T £Vp'. Then we have 
(1) 



\{Sp,T)\< 



C 



m 



3/2 ■ 



(2) 



1 



for m > m{a). 
(3) // the metrics are analytic, then 

|(5p,r)|<c"^ ^ 



for m large enough. 



□ 
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5. Proof of the theorems 
For a given integer s > 0, Let 6-i = and 

J. f n — 1 + 
\ n — 1 

for a = 0, • • • ,s and lelQ 

s 

Ss+1 =r'^6a- 



Then we have 

s 

k = ^6a< Irs^. (5.1) 

For each < a < s, Jq, is the number of indices (i-*, j) such that |P| = a 
and 1 < J < r. 

Let p' = s, and let {_S^p j rrT)\P\<v' ,^<3<r '^^^ peak sections at the given 
point xq. Using the lexicographical order of the indices (P, j) defined in 
Page [51 we can rename these peak sections by 5*1 , • • • , 5^,- , where k is defined 
in (1^ . 

Let • • • , S'd be an orthonormal basis of the space 

Kj+i = {T G F°(M, L"' ®E)\T vanishes at xq of order at least s + 1}, 

such that (S'j, Sj) = for 1 < i < k and j > 2k. Then Si, - ■ ■ , 5"^ forms a 
basis of H^{M, Cgi -E). The metric matrix F is the d x d matrix define by 
{Si, Sj) for I < i, j < d. 

By the definition of the basis, we can write F as 

Id~2k, 

where Fi is a (2A;) x (2A;) matrix. In order to study the inverse matrix of F, 
we only need to study the inverse matrix of Fi . 

We shall represent the matrix F\ as a block matrix. For any < a, ^ < 
s + 1, define the matrix Aap to be the 5a x 6p matrix whose entries arqj 

5ij ~ {Si, Sj) 

for 

a-l a P-l P 

7=— 1 7=— 1 7=~1 7=~1 

where 6ij is the Kronecker symbol. Let A be the block matrix defined by 



A — (^a/3)(l<a,/3<s+2)- 



^By math induction, S^+i = ''("^^)- 
^By this definition, As+i,s+i = 0. 
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Then we have 



F^ =1- A. 



Define ||^|| to be the maximum entries of the matrix A. Let column (A) 
be the number of the columns of the matrix A. Then we have 



1 1 ^5 1 1 < column (A) 
By Lemma |4.H we have 

C{s 



■ \\B\ 



,1+ 



|q-/3| • 



m 2 



We represent F^"^ = {Cap) as a block matrix using the same partition as 
in the matrix A. Using the expansion 

F-^ =1 + A + A^ + ■■■ , 

for any fixed (ao,/3o)) we have 



k=l ,ife_i 

By (I5.ip . column (j4a^) < 2rs". Therefore we have 



k=s+l ii,--- ,ifc_i 



< 



C{s) 



s+i ■ 



Similarly, we consider the terms 

s 

fc=l some ij=s+l 

If some = s + 1, we must have 

|ao - n| + In - «2| H h - /3o| > 2s + 2 - Qo - /3o. 

Thus we have 



Using the above argument, we have 



/3o 



< 



Cis) 



Lemma 5.1. For any s < eologm, there is an asymptotic expansion of 
order s 



l\z\<- 



1 



Eij"''^9 \P\+Q\ \ "'PQ,ij 

m ^ 2 



+ ••• + 



^PQ,ij 



m 
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□ 

Proof of Theorem II. 2L The theorem fohows from Theorem 14.11 and the 
above lemma. 

□ 

Proof of Theorem II. 3L Since the Tian-Yau-Zelditch expansion is con- 
vergent, by taking s = [eologm] — 1 in the above lemma, we get the result. 

□ 

Appendix A. ET-coordinates and K-frames 

Let /i be a nonnegative integer. It is well-known that other than /i = 0, 
the C^-norm on the space of smooth functions depends on the choice of 
local coordinate systems. For two different atlases of the manifold, the 
two different C^-norms are equivalent (mutually bounded). Therefore the 
underlying topology is intrinsically defined by these norms. 

In the proof of the main results of this paper, we need to treat uncountably 
many local coordinate systems. Therefore, it is necessary to look into the 
details of the definition of C^-norms. 

Let P be a multiple index: P = (pi, • • • ,Pn), where pi, - • • ,Pn are non- 
negative numbers. Let |P| = pi + ■ ■ ■ + Pn, and let P\ = pi\ ■ ■ ■ Pn^.. Define 

^ — • 

Let / be a smooth function on an open set U of M with holomorphic local 
coordinates z = {zi, ■ ■ ■ ,Zn)- Define 

\P\+\Q\=k 

for k > 0, where 

P = {Pi,--- ,Pn), Q = {qi,--- ,qn), 
and D is the differential operator 

\D^f \ defines a nonnegative function on U. The C^-norm of / on [/ is 
defined by 

II/IICM =maxsup|Z)Vl(^)• 
fc<M xeu 

The definition of \D^f \ depends on the local coordinates. We use the nota- 
tion D^f\z to denote such a dependence. Let w = {wi, ■ ■ ■ ,Wn) be another 
local coordinates on U, then there is a constant C > 1, depending on z,w, 
such that 
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Let M be an n-dimensional algebraic manifold with a positive Hermitian 
line bundle {Ljhi) — )• M. Let {E,hE) be a Hermitian vector bmidle of 
rank r over M. Suppose that the Kahler form cOg of the Kahler metric g 
is defined by the curvature Ric(/iL) of hi. That is, under local coordinates 
{zi, • • • , Zn) at a fixed point xq, we have 

a, 13=1 ^ a, 13=1 

where a is the local representation of the Hermitian metric /i^,- 

Definition A.l. Let p > be any positive integer. Let xq £ M be a point. 
Let {zi, ■ ■ ■ , Zn) be a holomorphic coordinate system centered atxQ. Let {g^) 
be the Kahler metric matrix. If it satisfies 

9apixo) = 6al3, 

QPl+-+Png (A.l) 

for a, P = 1, ■ ■ ■ ,n and any nonnegative integers (pi, • • • ,Pn) with p > pi + 
• • • + Pn 7^ 0. Then we call the coordinate system a K -coordinate system of 
order p. 

The existence of ii'-coordinate system was known to the string theorists 
in the nineteen eighties. However, the result had been known to Bochner 
long ago. We refer to [2] for the proof of the existence of X-coordinates. 

If the metric is analytic, then we can take p to be +00. In this case, the 
i^-coordinate system is unique up to an affine transformation. 

Similar to the above, we make the following definition 

Definition A. 2. Let cl be a local holomorphic frame of L at xq. If for 

p > 0, the local representation function a of the Hermitian metric h^ satisfies 

gPl-\ hPn^ 

«(^o) = 1, Q^Pi...Q^pA ^o) = (A.2) 

for any nonnegative integers {pi, ■ ■ ■ ,Pn) with p > pi + ■ ■ ■ + Pn 7^ 0. Then 
we call cl is a K -frame of order p. If a is analytic, then again we can take 
p = +00. 

The following lemma is similar to the results above. We sketch the proof 
here. 

Lemma A.l. For any p > 0, it is possible to choose a local holomorphic 
frame {ei, • • • , e^} on U such that 

hiji^o) = %; 

dPi+-+Pnh.-. (A.3) 
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for any nonnegative integers (pi, • • • ,Pn) with p > pi + • • • + p„ 7^ 0, where 
hfj = (ej, ej). If the metric is analytic, then we can takep = +00. Moreover, 
any derivative of hq at xq can he represented as a polynomial of curvatures 
of both E and M and their derivatives. 



Proof. We first choose a holomorphic frame {ei,--- ,6,.} sucli that 
hq{xQ) = 5 -J. Let the matrix H = (hfj). Let the Taylor expansion of 
H be 

H I + A + A + B, 

where I is the identity matrix; A is the holomorphic part of the Taylor 
expansion; A is the complex conjugate of A; and B is the mixed part, that 
is, the entries of B composed of both z's and ^'s. H 

Since H = H, we must have A = . Let p > 2 be an integer. Let Ap 
be the first p terms in the formal series A. Define a new frame {/i, • • • , fr} 
such that 

— fi ~'r {■^p)ijfj- 

It is not hard to see that under the new frame, the metric matrix is H = 
(/ + Ap)^^H(I + Ap)^^. A straightforward computation shows that in the 
Taylor expansion of H, there are no holomorphic or anti-holomorphic parts 
up to order p. 

Finally, we have the formula 



By the above equation and by induction, all derivatives of (/ijj) at xq can 
be expressed as polynomials of B^;, the curvature of M, and their covariant 
derivatives. 

□ 

Because of the above lemma, we will call the frames cl and {ej} X-frames, 
that is, the local holomorphic coordinates, the local frames of L and E will 
satisfy (lATj) . fOll . and fOl) . 

As we have discussed before, i^-coordinates and i^-frames are not unique. 
However, in what follows, we will write out explicitly a smooth family of K- 
frames and X-coordinates near any given point. 

Let 

a{z) = {cl^cl), H{z) = (/!.-), G{z) = {g,j). 

Let P be the multiple index: P = {pi,--- ,Pn)- We define |P| = "^^Pil 
P\ = pil ■ • -Pn'; z^ = z^^ ■■■ z^\ and 



"'if H is analytic, the Taylor expansion must be convergent. If H is smooth, the 
expansion is understood as formal: it doesn't have to be convergent, and even if it does, 
it doesn't have to be convergent to the matrix-valued function H. 
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for a smooth function /. Using these notations, (jA.ip . (|A.2|) . and ()A.3p can 
be written as 

dapi^o) = 5a/3,a(xo) = l,/l,.j(xo) = 5ij, 

and 

(5)5(^o) =0,a(^)(xo) = 0,(/.,,j)(^)(xo) = 

for < |P| < p. 

For any p > 2 and any t £ U with |t| very smah, we define 

9^ log a{z) 



aij{t) 



dzidzj 



z=t 



(loga)(^)(t) 



1<|P|7^0 



P\ 



{z - tY 



(A.4) 



i=i i<|P|<p 



1 g(loga)(-P)(t) 



We write 



loga(z) = loga(t) +aij{t){zi - ti){zj -tj) 



+ t) + t) + 6f (z, t) + 6f (z, t) + cP{z, t) 
By the definition of c^, we have 



(A.5) 



d^cP 



dzP 



0, 



z=t 



dzj dz^ 







z=t 



for |P| < p and 1 < j < n. Let GP{z,t), RP{z,t) be the matrix-valued 
functions such that 



dzidzj 



dzidzj 



Then we have 



with 



G{z) = G{t) + GP{z, t) + GP{z, t) + RP{z, t) 
d^RP 



dzi 







(A.6) 
(A.7) 



z=t 



for < |P| <p - 1. 

Let D{t) be a smooth Hermitian matrix-valued function such that -D(O) = 
/ and D{t)'^ = G{t). Such a function exists. For example, if 'Y^ajX^ is 
the Taylor expansion of the function ^/Y^rx, then we can define D{t) = 
Eaj{Git)-iy. 

We use the following matrix notations: z' = {z[, • • • , z'^), z = {zi, - • • , 
t = {ti, - • • , tn) and 

96? ,96? 96? , 



TIAN-YAU-ZELDITCH EXPANSION 21 

We define 

z' = zD{t)-tD{t)-^^^^D{t)-\ (A.8) 

oz 

Then z' is a holomorphic coordinate system centered at t. Differentiating 
the above, we have 

dz' = dz{D{t) + GP{z, t)D{t)-^). 
Under the new coordinates, the metric-matrix is 

p{z,tr'G{z){p{z,tr'r, 

where P{z,t) = D{t) + GP{z,t)D{ty^ . By (|X6]) . the above matrix is equal 
to 

/ + P{z, t)-\RP{z, t) - GP{z, t)G-\t)GP{z,tf)(p(^~^f. 

If z = t, then the above matrix is the identity matrix. Moreover, since 
P{z,t) is holomorphic with respect to z and GP{t,t) = 0, from (IA.7|) . we 
have 



dzP 



P{z,t)-^{RPiz,t) - GP{z,t)G-^{t)GP{z,t)){P{z,t) f = 



z=t 



for any \P\ < p — 1. By the chain rule, we conclude that z' is a i^-coordinate 
system for any t. 

Using the similar way, we can construct i^-frames as well. 

We let 



\P\<p (P)... 
Bn-,t)=^^iz-tf 

\P\^0 



(A.9) 



and we write 



a{z) = a{t) + t) + ^Piz, t) + v^iz, t); 



H{z) = H{t) + BP{z, t) + BP{z, + GP{z, t) 



(A.IO) 



As before, we let K{t) be a smooth Hermitian matrix-valued function 
such that K{t)'^ = H{t). We can rewrite 



H{z) = {K{t) + BP{z, t)K{tr^){K{t) + BP{z, t)K{tr^)* + CP{z, t), 

(A.12) 
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fjPiz,t)=r,''iz,t) 



\eiz,tw 

a{t) 



CP{z,t) = Cfiz,t) - BP{z,t)H-\t)BP{z,t) 
As above, we know that 



dzP 



f{z,t) = 



z=t 



dzP 



CP{z,t) = 



(A.13) 
(A.14) 



z=t 



for \P\ < p. 
Define 



e{t) = e{{K{t) + BP{z,t)K{trY'f 



(A.15) 
(A.16) 



where e = (ei, • • • ,er) and e{t) = (ei(t), • • • , er{t)). 
Then by (jA.lip . we have 



{eLit),eL{t)) = l + ff{z,t) 



^/ait) + 



By (jA.lSp . we know that in the Taylor expansion of {eL{t), eiit)) at i, there 
are no holomorphic part up to the order p. This proves that ei,(i) is a 
X-frame for any t. Similarly, let 

Q{z,t) = K{t) + B'P{z,t)K{t)~^ . 

Then by (|AT2ll . we have 

e{tf^ = 1 + Q{z, ty^&{z, t){Q(^~^f. 

By ()A.14p . e{t) is a iT-frame for any t. 
In summary, we prove 

Lemma A. 2 (The first stability lemma). For \t\ small, then (|A.8p . ()A.15p . 
and (fAl6l) defi ne a smooth family of K -frames and K -coordinates. More- 
over, for any t, the K-frames and K-coordinates are defined on the set 

\z'\ < S/3, 

where S is the injectivity radius of M and {z[, - ■ ■ , z'^) are the K -coordinate 
system at t. 



□ 
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Corollary A.l. Let f be a smooth function on M. Assume that at any 
xq £ M and for any K -coordinates (zi, - ■ ■ , Zn) at xq, 

sup |Z?Vl(^o)<l. 
Then there is a constant C{fi), depending on fi, such that 

ll/l|CM<C(^). 

□ 

By the above lemma and the continuity, the following must be true: for 
any +00 > p > and x G M, there exists a p = Px^p > such that 

(1) for each \t\ < p, the smooth i^T-frames and K coordinates exist and 
are at least of size p. That is, {\z'\ < p} is contained in the K- 
coordinate system; 

(2) Define 

Bi,k{t) = Y.l_\\Dnoga{tm^m' 

£<k 

=max5^i||Z)VjWII(V3/ 

Ak{t)= 5i,fciW -^2,^2(0, 

ki+k2=k 

where a{t) and h^--j(t) are the metric representation under the K- 
frames and i^'-coordinates. Then Ai^^t) < 2^fc(0) for any p > k > 0. 

(3) Let Ut = {\z'\ < p} he the i^T-coordinate neighborhood. Then on Ut 
we have 

loga(t) > ^, gij{t) > ^6ij, h^j > ^5ij. (A.17) 

Since M is compact, finite many of the above neighborhoods will cover M. 
Therefore, we are above to define the norms A^ as in the last section. 
We have the following 

Lemma A. 3 (The second stability lemma). For any +00 > p > and for 

any point x G M, there exists K-frames and K-coordinates such that 

(1) Ak{t) < 2Ak, where 

(2) On Ut, (IATTI) is valid. 

Proof. The lemma essentially follows from continuity and compactness. 

□ 
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